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R the resistance, then Ra will be the resisting force. In steady currents the electro-
motive force just balances the resisting force, but in variable currents the resultant
force E=Rax is expended in increasing the *electromagnetic momentum,” using the
word momentum merely to express that which is generated by a force acting during a
time, that is, a velocity existing in a body. i

In the case of electric currents,'the force in action is not ordinary mechanical force, at
‘least we are not as yet able to measure it as common force, but we call it electromotive
force, and the body moved is not merely the electricity in the conductor, but something
outside the conductor, and capable of being affected by other conductors in the neighbour-
hood carrying currents. In this it resembles rather the reduced momentum of a driving-
point of a machine as influenced by its mechanical connexions, than that of a simple
moving body like a cannon ball, or water in a tube. :

Electromagnetic Relations of two Conducting Circuits.

(28.) In the case of two conducting circuits, A and B, we shall assume that the
electromagnetic momentum belonging to A is
| Lz +My,
and that belonging to B,
Mz 4 Ny,
where L, M, N correspond to the same quéntities in the dynamical illustration, except
that they are supposed to be capable of variation when the conductors A or B are

moved.
Then the equation of the current # in A will be
2 d
t=Ra-+ E?(Iu:—;—My), I [~ PR S
and that of y in B .
d X %
ﬁ;Sfy+E(1\Ia'+hy), oo o IR A (o St

where £ and 75 are the electromotive forces, # and y the currents, and R and S the
resistances in A and B respectively. .

Induction of one Current by another.

(29) Case 1st. Let there be no electromotive force on B, except that which arises
from the action of A, and let the current of A increase from 0 to the value , then

d

Sy + (Mr+Ny)=0,

whence '
¢ . N

Y= {‘ ydi= ——SE.'I::
that is, a quantity of electricity Y, being the total induced current, will flow throﬁgh B
when o rises from 0 to #.  This is induction by variation of the current in the primary
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conductor. When M is positive, the induced current due to incr

ease of the primary
current is negative. e

Induction by Motion of Conductor.

(30) Case 2nd. Let x remain constant, and let M change from M to M, then

M'—M

b S

&;

so that if M is increased, which it will be by the primary and secondary circﬁlts;
approaching each other, there will be a negative induced current, the total quanﬁty_.of
‘electricity passed through B being Y. s

This is induction by the relative motion of the primary and secondary conductors,

Eguation of Work and Energy.

(31) To form the equation between work done and energy produced, multiply (1).by
2 and (2) by y, and add ‘ :

d d
Em—-}—ny:R:L’”-!—Sy"—l—w-E (Lz+My) +y 7 (Ma4-Ny).

Here £z is the work done in unit of time by the electromotive force & acting on the
current & and maintaining it, and sy is the work done by the electromotive force

Hence the left-hand side of the equation represents the work done by the electromotiv
“forces in unit of time. :

Heat produced by the Current. o

(32) On the other side of the equation we have, first, » =
Ro*+Sy'=H, . . . SR

which represents the work done in overcoming the resistance of the circunits in unit of

time. This is converted into heat. The remaining terms represent wor
into heat. They may be written

k not converted:

d o e B dN |
35 (La*+2May+ Ny +i72+ Tl

Intrinsic Energy of the Currents.

(33) If I, M, N are constant, the whole work of the electromotive forces which 15

not spent against resistance will be devoted to the development of the currents. The
whole intrinsic energy of the currents is therefore '

$La’+Mazy4+4Ny'=E. . . . . ., . . . < (10)
This energy exists in a form imperce

seat of this motion being not merel
them.

ptible to our senses, probably as actual motion; the
y the conducting circuits, but the space surrounding
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Mechanical Action between Conductors.

(34) The remaining terms, '
dL dM dN
%d—tw’ﬁ-gw‘y—ké;};gﬂzw Terionr il IR MBS P ] 2

represent the work done in unit of time arising from the variations of L, M, and N, or,
what is the same thing, alterations in the form and position of the conducting circuits
A and B. ' '

Now if work is done when a body is moved, it must arise from ordinary mechanical
force acting on the body while it is moved. Hence this part of the expression shows
that there is a mechanical force urging every part of the conductors themselves in that
direction in which L, M, and N will be most increased.

The existence of the electromagnetic force between conductors carrying currents is
therefore a direct consequence of the joint and independent action of each current on
the electromagnetic field. If A and B are allowed to approach a distance ds, so as to
increase M from M to M’ while the currents are x and y, then the work done will be

(Mr —M)‘Zys

and the force in the direction of ds will be -

aM
=" R R R PR )

and this will be an attraction if # and y are of the same sign, and if M is increased as
A and B approach. ' :

It appears, therefore, that if we admit that the unresisted part of electromotive force
goes on as long as it acts, generating a self-persistent state of the current, which
we may call (from mechanical analogy) its electromagﬁetic momentum, and that this
momentum depends on circumstances external to the conductor, then both induction of
currents and electromagnetic attractions may be proved by mechanical reasoning.

What I have called electromagnetic momentum is the same quantity which is called
by FarapaT* the electrotonic state of the circuit, every change of which involves the
action of an electromotive force, just as change of momentum involves the action of
mechanical force.

If, therefore, the phenomena described by FARADAY in the Ninth Series of his Expe-
rimental Researches were the only known facts about electric currents, the laws of
AMPERE relating to the attraction of conductors éarrying currents, as well as those
of FARADAY about the mutual induction of currents, might be deduced by mechanical
reasoning. ;

In order to bring these results within the range of experimental verification, I shall
next investigate the case of a single current, of two currents, and of the six currents
in the electric balance, so as to enable the experimenter to determine the values of

L, M, N.

* Experimental Researches, Series 1. 60, &e.
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Case of a single Circuit.

(35) The equation of the-current z in a circuit whose resistance is R, and whose
coefficient of self-induction is L, acted on by an external electromotive force £ is :

d
When £ is constant, the solution is of the form

a-:é-}-(a—-—&)e_%t,

where ¢ is the value of the current at the commencement, and & is its final value, =l
The total quantity of electricity which passes in time Z, where ¢ is great, is

=0y
I

jta‘dt_—_&t-i—(a—b)%. o e i

The value of the integral of #* with respect to-the time is

ftx‘-’dzs_-_agtﬂa--b)% (35 = “).

The actual current changes gradually from the initial value ¢ to the final value &, but.
the values of the integrals of 2 and 2* are the same as if a steady current of -ntensity

3(a+3) were to flow for a time 2%, and were then succeeded by ‘the steady current 6

The time 2% is generally so minute a fraction of a second, that the effects on the galvaﬁ'qf :

‘meter and dynamometer may be calculated as if the Impulse were instantaneouns, £
If the circuit consists of a battery and a coil, then, when the circuit is first completed,
‘the effects are the same as if the current had only half its final strength during the ‘time

2%. This diminution of the current, due to induction, is sometimes called the countei:—_

current. ;
(36) If an additional resistance is suddenly thrown into the circuit, as by breaking -

contact, so as to force the current to pass through a thin wire of resistance 7, then the
£

R-f—r-

2R » . x : L
RRT) and continues for a time 2R+r.'

current is greater than that which the battery can maintain in the two wires R and 7,
and may be sufficient to ignite the thin wire 7.

When contact is broken by separating the wires ‘in air, this additional resistance is
given by the interposed alr, and since the electromotive force across the new resistance

original current is a:i'%, and the final current is 5—

The current of induction is then 1&

This

is very great, a spark will be forced across.
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1f the electromotive force is of the form Fsin pi, as in the case of a coil revolving in
a magnetic field, then -
.a;:—g-sin (pt—e),

where ¢?=R?4L17p?% and tan e,
|

Case of two Circuits.

(37) Let R be the primary circuit and-S the secondary circuit, then we have a case

similar to that of the induction coil.
The equations of currents are those marked A and B, and we may here assume
L, M, N as constant because there is no motion of the conductors. The equations

then become

dx oy
IM+LE+ME_il -Eh

sl d _d
Sy + M+ NZ/=0. |

To find the total quantity of electricity which passes, we have only to integrate these
equations with respect to #; then if ,, 9, be the strengths of the currents at time 0,
and 7,, , at time ¢, and if X, Y be the quantities of electricity passed through each
circuit during time £, '

1 2 ]
X =y {&+L(m—a) +M@—1)}
(14%)
1 s
Y = g M(zo—a) + N —3)}-

When the circuit R is completed, then the total currents up to time ¢, when £ is

great, are found by making ‘

z =0, .a;l-:%, #h=0, ==
then
' L M ,
X:xl(t——ﬁ), T

The value of the total counter-current in R is therefore independent. of the secondary
circuit, and the induction current in the secondary circuit depends only on M, the
coefficient of induction between the coils, S the resistance of the secondary coil, and
z, the final strength of the current in R.

When the electromotive force £ ceases to act, there is an extra current in the pri-
mary circuit, and a positive induced current in the secondary circuit, whose values are
equal and opposite to those produced on making contact. :

(38) All questions relating to the total quantity of transient currents, as measured
by the impulse given to the magnet of the galvanometer, may be solved in this way
without the necessity of a complete solution of the equations. The heating effect of
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the current, and the impulse it gives to the suspended coil of WEBER'S dynamométei-;
depend on the square of the current at every instant during the short time it lasts
Hence we must obtain the solution of the equations, and from the solution we may fing
the effects both on the galvanometer and dynamometer; and we may then make use of
the method of WEBER for estimating the intensity and duration of a current uniform
while it lasts which would produce the same effects. s

(39) Let n,, n, be the roots of the equation

L (LN—M)n*+(RN+LS)u+RS=0, . . . . . -‘(16_,‘)'

and let the primary coil be acted on by a constant electromotive force Re, so0 that'.c,-'. is"

the constant current it could maintain ; then the complete solution of the equations for
making contact is ‘

S S n,—n i
€ N = oF mit___ [~ Tt 1 2 g7
r=< n]_;g{(nl—]—l\)e (nﬂ+N)e +80= } S
M an :
y:%nl’i;z{gmf_ e e R S (18)

From these we obtain for calculating the impulse on the dynamometer, '
T M2 7 -
2 JF — = A e
5xdz:__oﬂ{t e e o SN IEEUS O -
M:R 950Y
L ., R SN A - 20
Sy =0 S RN+ L) =

The effects of the current in the secondary coil on the galvanometer
are the same as those of a uniform current

.. MR

L, N
2(i+5):
(40) The equation between work and energy may be easily verified. The work done
by the electromotive force is

and dynamometer

¢

for a time

gfadt=c*(Rt~L).
Work done in overcoming resistance and producing heat,
Rj'z‘dﬁ—]—s_ffdtzcﬂ(Rt—-%L).

i
=1L

Energy remaining in the system,

(41) If the circuit R is suddenly and completely interrupted while carr

ying a current |
¢, then the equation of the current in the secondary coil would be

_'yzcﬁe-F

This current begins with a value ¢ % » and gradually disappears.
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: 0 S . 12
Thestotal quantity of electricity 1s c%{ , and the value of fordt is &ELST\'I

The effects on the galvanometer and dynamometer are equal-to those of a uniform
M ! N :
current %a«r—q for a time 2§ a

The heating effect is therefore greater than that of the current on making contact.
(42) If an electromotive force of the form £=E cos pt acts on the circuit R, then if
the circuit S is removed, the value of z will be

x:% sin ( pt—a),

where
-.A3=R’+L2 2,
and
v
tan u_i- . |
The effect of the presence of the circuit S in the neighbourhood is to alter the value
of A and @, to that which they would be if R become o
’ foaliem . I
s MS
B+ er e’
and L became T
‘ MN i

L—p'srpne

Hence the effect of the presence of the circuit S is to increase the apparent resistance and
diminish the apparent self-induction of the circuit R.

On the Determination of Coefficients of Induction by the Electric Balance.

(43) The electric balance - consists of six con-
ductors joining four points, A C D E, two and two.
One pair, A C, of these points is connected through
the battery B. The opposite pair, D E, is connected
through the galvanometer G. Then if the resistances
of the four remaining conductors are represented by
P,Q, R, S, and the currents in them by z, T—2, ¥,
and y+-2, the current through G will be z. Let the
* potentials at the four po'mi;s be A, C,D, E. Then the conditions of steady currents may

Solving these equations for z, we find

be found from the equations
' Pr=A—D Q(z—2z)=D—C, 1
Ry:A—E S (y+z)=E—C, S P R R - _
Gz=D—E Blo+4y)=—A+C+F. \
I

z{%+%+§+§+B(%+%) (3+s) +6(p+g) (+s) +f%%g(P+Q+R+S)}¢'F(%—§1ﬁ)- (22)

MDCCCLXY. 31
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In this expression F is the electromotive force of the battery, z the current through
the galvanometer when it has become steady. P, Q, R, S the resistances in the four_
arms. B that of the battery and electrodes, and G that of the ‘galvanometer. -

(44) 1If PS=QR, then z=0, and there will be no steady current, but a tranmant
cwrrent through the galvanometer may be produced on making or breaking circuit on
account of induetion, and the mdwatmns of the galvanometer may be used to determme
the coefficients of induction, provided we: understand the actions which take place‘

We shall suppose PS=QR, so that the current z vanishes when sufficient time § m_
allowed, and ;

FP+Q)(R+8)
2(P+Q)=y(R+5)= P+ QR +8) +BP+Q)E+8)’

Let the induction coefficients between P, Q, R S, be

given by the following ’I‘ab]g, the coefficient of induction o E ]? ? ZS
of P on itself being p, between P and Q, %, and so on. Q -i

Let g be the coefficient of induction of the galvanometer R 2 fn . :_n ::L
on itself, and let it be out of the reach of the inductive e el

influence of P, Q, R, S (as it must be in order to avoid
direct action of P, Q, R, S on the needle). Let X, Y, Z be the integrals of .z, _df,
with respect to #. At making contact a, y, 2 are zero. After a time z disappears, and' :
z and y reach constant values. The equations for each conductor will therefore be

PX A (p+h Jo+(E 1 Jy=fAdt| Ddt,?
QX—Z)4(h+gq Jo+(m+n)y=Ddt—(Cdt, N
RY +(E4m)a+(r +oyy=fAdi—[Bds, L. . . . . (29)
S(Y+Z) 4(I +n )z +(o +s)y._j‘Ldt—det
GZ={Dtd—(Edt. :

Solving these equations for Z, we find =
ot an(hd) (G 10 () (34D) + s o]
(it i () (2 ) () = (b+d) | 9
#+(3=3) ++(5-1)} |

(45) Now let the deflection of the galvaﬁometer by the instantaneous current whose
intensity is 7Z be «. -

Let the permanent deflection produced by making the ratio of PS to QR, g instead of
unity, be 4,

Also let the time of vibration of the galvanometer needle from rest to rest be T.-

J
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Then calling the quantity

T . LS e t—l) Ly 1) | (1 1) | (1 1)_

P Q R+s+h(]_-! Q)+‘?(R P) l(R Q m(P g/ MR TN T 28)
we find Z 2snlaT_ = (27)
ol = ot - RS '

In determining = by experiment, it is best to make the alteration of resistance in one
of the arms by means of the arrangement described by Mr. JENKIN in the Report of the
British Association for 1863, Ly which any value of ¢ from 1 to 1'01 can be accurately
measured.

We observe («) the greatest deflection due to the impulse of induction when the
galvanometer is in circuit, when the connexions are made, and when the resistances are
so adjusted as to give no permanent current. .

We then observe (3) the greatest deflection produced by the permanent current when
the resistance of one of the arms is increased in the ratio of 1 to g, the galvanometer
not being in circuit till a little while after the eonnexion is made with the battery.

In order to eliminate the effects of resistance of the air, it is best to vary g till =2
nearly; then

.,._:T%(l_e)i:;"f;. = i i S S s

If all the arms of the balance except P consist of resistance coils of very fine wire of
no great length and doubled before being coiled, the induction coefficients belonging to

these coils will be insensible, and = will be reduced to % The electric balance there-

fore a.ﬁ'ord$ ‘the means of measuring the self-induction of any circuit whose resistance is
known.

(46) .It may also be used to determine the coefficient of induction between two
circuits, as for instance, that between P and S which we have called m ; but it would be
more convenient to measure this by directly measuring the current, as in (37), without

using the balance. We may also ascertain the equality of % and ﬁg by there being no

current of induction, and thus, when we know the value of p, we may determine that of
¢ by a more perfect method than the comparison of deflections.

Exploration of the Electromagnetic Field.

(47) Let us now suppose the primary circuit A to be of invariable form, and let us
explore the electromagnetic field by means of the secondary circuit B, which we shall
suppose to be variable in form and position. ,

We may begin by supposing B to consist of a short straight conductor with its extre-
mities sliding on .two parallel conducting rails, which are put in connexion at some
distance from the sliding-piece.

3T2
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Then, if sliding the moveable conductor in a given direction increases the value of. M,
a negative electromotive force will act in the circuit B, tending to produce a BEga.t:we
current in B during the motion of the sliding-piece.

If a current be kept up in the circuit B, then the sliding-piece will 1tse1f tend to
move in that direction, which causes M to increase. At every point of the field there
will always be a certain direction such that a conductor moved in that direction does
not experience any electromotive force in whatever direction its extremities are turned.
A conductor- carrymg a current will experience no mechanical force urging it in that :
direction or the opposite.

This direction is called the direction of the line of magnetic force through that pomt

Motion of a conductor across such a line produces electromotive force in a du-ecnon
perpendicular to the line and to the direction of motion, and a conductor carrymg a
current is urged in a direction perpendicular to the line and to the direction of
current.

(48) We may next suppose B to consist of a very small plane circuit eapable of 'being
placed in any position and of having its plane turned in any direction. The value of M
will be greatest when the plane of the circuit is perpendicular to the line of magnenc
force. Hence if a current is maintained in B it will tend to set itself in this posmo‘
and will of itself indicate, like a magnet, the direction of the magnetic force.

On Lines of Magnetic Force.

(49) Let any surface be drawn, cutting the lines of magnetic force, and on this sur:
face let any system of lines be drawn at small intervals, so as to lie side by side without
cutting each other. Next, let any line be drawn on the surface cutting all these lines,
and let a second line be drawn near it, its distance from the first being such that ‘the
value of M for each of the small spaces enclosed between these two lines and the hnes
of the first system is equal to unity.

In this way let more lines be drawn so as to form a second system, so that the value of .
M for every reticulation formed by the intersection of the two systems of lines is unity.

Finally, from every point of intersection of these reticulations let a line be drawn
through the field, always coinciding in direction with the direction of magnetic force. . -

(50) In this way the whole field will be filled with lines of magnetic force at regular
intervals, and the properties of the electromagnetic field will be completely expressed - -

by them.

For, 1st, If any closed curve be drawn in the field, the value of M for that curve will
be expressed by the nuwmber of lines of force which pass through that closed curve. -

2ndly. If this curve be a conducting circuit and be moved through the field, an
electromotive force will act in it, represented by the rate of decrease of the number of
lines passing through the curve.

3rdly. If a current be maintained in the circuit, the conductor will be acted on by
forces tending to move it so as to increase the number of lines passing through it, and




